Two liquid state theories, the self-consistent Ornstein-Zernike equation (SCOZA) and the hierarchical reference theory (HRT) are shown, by comparison with Monte Carlo simulations, to perform extremely well in predicting the liquid-vapour coexistence of the hard core Yukawa (HCY) fluid when the interaction is long range. The long range of the potential is treated in the simulations using both an Ewald sum and hyperspherical boundary conditions. In addition, we present an analytical optimised mean field theory which is exact in the limit of an infinitely long range interaction. The work extends a previous one by Caccamo et al [Phys. Rev. E, 60, 5533 (1999)] for short range interactions.
I. INTRODUCTION
Two liquid state theories are presently available which provide an accurate description of the liquid-vapour transition of simple systems including the critical region. A first one is the so-called self-consistent Ornstein-Zernike approximation (SCOZA) devised initially by Høye and Stell 1,2 and later adapted for numerical calculations 3, 4, 5 . It is based on the assumption that the direct correlation function behaves, to a good approximation, at long range (attractive region of the potential) as the potential with a density and temperature dependent prefactor which is determined by imposing consistency between the energy and compressibility routes to the thermodynamics. The second approach put forward by Parola and Reatto 6 , incorporates renormalisation group ideas by gradually taking into account fluctuations of longer and longer wavelengths. It is based on the hierarchical reference theory (HRT) of fluids truncated at lowest order by means of an ORPA-like (optimised random phase approximation) ansatz (see Ref. 7 for review). Both predict non-classical critical exponents 6, 8 . Thermodynamic properties and phase diagrams based on the SCOZA and HRT approaches have been reported for a variety of potentials (limiting ourselves to continuum systems) including the hard core Yukawa (HCY) potential 9, 10, 11, 12 , the square well potential 13, 14 , the Lennard-Jones (LJ) potential 15, 16, 17, 18 , the Gaussian potential 19 , ultrasoft potentials 20 , Asakura-Oosawa pair potentials 21, 22 , Girifalco potentials 16, 23, 24 , binary hard core Yukawa mixtures 25, 26, 27, 28 , etc.. Most of the comparisons with simulation data are so far restricted to short or medium range potentials. The aim of this article is to extend such comparisons to long range interactions. A convenient choice to do this is the HCY potential as the range can be varied from short range appropriate for modelling colloidal suspensions or protein solutions to medium range, where it mimics the familiar LJ potential 10 , to long range. For long range interactions we have considered a third approach, an optimised mean field theory (OMF) 29 , exact in the Kac limit 30 , which can be worked out analytically for the HCY potential (see section 6). A further advantage of the HCY potential is that the repulsive part of the potential which in SCOZA, HRT and OMF is used as a reference potential is a hard sphere potential whose properties are accurately known 31, 32, 33 . Last, an approximate analytical solution (mean spherical approximation) is available for the HCY potential 34, 35 which drastically reduces the computational efforts of the solution of the SCOZA equations.
For short inverse screening lengths α of the Yukawa potential, 1.8 ≤ ασ = α * < 7 (σ hard sphere diameter), a comparison between SCOZA, HRT and simulation results for the liquid-vapour coexistence curve is available in 10 . In this work we extend the domain of α from α * = 1.8 (where the HCY potential approximates the LJ potential) to α * = 0, the infinite long range potential. With respect to simulations, in this domain the range of the Yukawa potential generally exceeds the dimensions of the simulation box (for typical system sizes of a thousand particles) and some care is necessary to properly treat the long range of the potential. This has been done both by using periodic boundary conditions (b.c.) and performing an Ewald (EW) sum 36 and by using hyperspherical b.c. 37, 38 .
The remainder of the paper is organised as follows: In section II we define the HCY interaction. Section III provides a description of the two Monte Carlo (MC) methods used to treat the long range of the Yukawa interaction, Ewald sum and hyperspherical method.
After summarising the three considered theories, SCOZA, HRT and OMF in section IV we compare, in section V, the numerical results obtained with the different theories for the liquid-vapour coexistence curve and the thermodynamic properties along the coexistence boundary with the simulation results. The conclusions are presented in section VI. An appendix describes some properties of Yukawa charge distributions relevant for elaborating the OMF theory.
II. MODEL
In our system particles interact by the hard-core Yukawa potential
In the limit α → 0 the potential gets infinitely long range and infinitely weak (Kac limit).
We define an inverse reduced temperature β * = 1/T * = q 2 /k B T σ, where k B is the Boltzmann constant, T the temperature and q has dimension of an electric charge. The reduced density is ρ * = ρσ 3 .
III. SIMULATIONS.
Numerical simulations of fluids or plasmas involving Yukawa interactions v(r) ∝ exp(−αr)/r can be performed either in a cube of side L with periodic b.c. (C 3 ) or on the surface of a four dimensional (4D) sphere of centre O and radius R (equation
, the hypersphere S 3 for short. In both geometries the Helmholtz
A. Ewald sums.
In the case of 
where
and
In Eq. (2) r ij = r j − r i , L is the box length, V = L 3 the volume and erfc denotes the complementary error function. The prime in the sum over n = (n x , n y , n z ), with n x ,n y , n z integers, restricts it to i = j for n = 0. The parameter η governs the convergence of the real-space and reciprocal contributions to the energy. With η = 6.5/L, adopted in our calculations, only terms with n = 0 need to be retained in Eq. (2) . The sum in reciprocal space extends over all lattice vectors k = 2πn/L with |n 2 | ≤ 36.
B. The hypersphere method for Yukawa interactions.
In the S 3 geometry the Green's function of the Helmholtz equation for the Yukawa fluid is obtained analytically 37, 38 :
depends only on the geodesic length Rψ. The geodesic distance between two points R 1 and R 2 of S 3 is given by
The configurational energy of a system of N Yukawa hard spheres in S 3 is therefore given
In equation (6) v
HS (ψ ij ) denotes the hard sphere potential in S 3 , i.e.
The presence of the constant V 0 in the r.h.s. of equation (6) accounts for the fact that the energy is defined up to an additive constant. The choice of V 0 is a recurrent problem of simulations in S 3 (see e.g. the discussion in reference 37 ). Here we define V 0 by requiring that the self energies in S 3 and the usual Euclidean space R 3 coincide, i.e., V 0 = lim r→0 exp(−αr)/r − v S 3 (r/R) which gives 
Here g(r) is the pair distribution function, c HS (r) is the direct correlation function of the hardcore reference system given e.g. in the Waisman parameterisation 34 and K(ρ, β) is the statedependent parameter, that is not given in advance but is determined so that thermodynamic consistency is obtained between the energy and compressibility routes (β = 1/k B T ). The consistency requirement leads to a PDE of the form ∂ ∂β
is the reduced (with respect to the ideal gas) dimensionless isothermal compressibility given by the compressibility route and u is the excess (over ideal gas) internal energy per volume provided by the energy route, i.e. u = 2πρ
Once 1/χ red is expressed in terms of the excess internal energy the PDE eq.(10) can be transformed into a PDE for u
For the general case of an arbitrary attractive tail of the pair interaction the determination of B(ρ, u) must be done fully numerically 14 
where V is the volume and ρ the number density. These modified free energy and direct correlation function have been introduced in order to remove the discontinuities which appear in A Q and c Q (k) at Q = 0 and k = Q respectively as a consequence of the discontinuity of
Indeed, they represent the free energy and direct correlation function of the fully interacting fluid as given by a treatment such that the Fourier components of the interaction with wavelengths larger than 1/Q are not really disregarded, but approximately taken into account by mean-field theory. In the Q → 0 limit the modified quantities coincide with the physical ones, once the fluctuations have been fully included. For Q = ∞ the definitions in Eqs. (13) and (14) reduce, instead, to the well-known mean-field expressions of the free energy and direct correlation function.
A simple approximation scheme consists in truncating the hierarchy at the first equation, supplementing it with a suitable closure relation based on some ansatz for C Q (k). As in previous applications, our form of C Q (k) has been inspired by liquid-state theories,
where c HS (k) is the Fourier transform of the direct correlation function of the hard-sphere fluid, and λ Q , G Q (k) are a priori unknown functions of the thermodynamic state and of Q.
The function G Q (k) is determined by the core condition, i.e., the requirement that the radial distribution function g Q (r) is vanishing for every Q whenever the interparticle separation is less than the hard-sphere diameter σ. Via Eq. (15) we can write the core condition in terms of an integral equation for c Q (k). λ Q is adjusted so that C Q (k) satisfies the compressibility rule. For each Q-system this constraint gives the reduced compressibility of the fluid as the structure factor evaluated at zero wavevector, and can be expressed in terms of the modified
This equation can be regarded as a consistency condition between the compressibility route and a route in which the thermodynamics is determined from the Helmholtz free energy as obtained from Eq. (12) . Here the compressibility rule (16) plays a fundamental role. In fact, when λ Q in Eq. (15) is determined via Eq.(16) and the resulting expression for C Q (k) is used in Eq. (12), one obtains a partial differential equation for A Q which reads
where we have set A
Eq. (17) is integrated numerically from Q = ∞ down to Q = 0. At each integration step,
is determined by the core condition g Q (r) = 0, 0 < r < σ. This condition acts as an auxiliary equation for determining ψ(k) via Eq. (18) .
For this specific work we considered the density interval ρ * ∈ [0, 1] to numerically solve the differential equation for the free energy. The spacing of the density grid is ∆ρ * = 10 −3 , consequently the error in the determination of the coexistence densities is of the same order of magnitude. Concerning the boundary conditions: for low density the system behaves as an ideal gas while at ρ * = 1 we assumed the validity of the standard ORPA approximation.
Two remarks are worth mentioning: First, Eq. (15) assumes that the fluid direct correlation function depends linearly on the perturbation Φ(k). This ansatz is especially appropriate when the perturbation range is much longer than that of the reference part of the interaction, i.e. longer than the particle size. The second remark relates to the implementation of the core condition: the inverse Fourier transform of the function G Q (k) has been expanded in a series of Legendre polynomials for r < σ and the series has been truncated after a finite number of terms (typically five). The evolution equations for the expansion coefficients were then determined by differentiating with respect to Q the integral equation for c Q (k), i.e. the core condition, and subsequently projecting it on the polynomials used in the expansion. However, the resulting equations are coupled to the evolution equation 12
for the free energy, and this makes them difficult to handle. Therefore, as described in detail in [21, 22] , in the derivative of c Q (k) with respect to Q the long-wavelength contributions containing the isothermal compressibility of the Q-system were disregarded. Physically this amounts to a decoupling of the short-and the long-range evolutions of the correlations.
This approximation, as well as the previous one, are fully justified for long-range perturbations, where the short-and the long-range parts of the correlations are mainly affected by the reference and the perturbation terms respectively, but become more problematic for short-range interactions where the interplay between excluded-volume and cohesion effects is much stronger. However, this effect does not concern the present study.
C. Optimised mean field theory
We consider, quite generally, a fluid of identical hard spheres of diameter σ with additional isotropic pair interaction v(r ij ). Since v(r) is an arbitrary function of r for r ≤ σ, one can assume that v(r) has been regularised in the core in such a way that its Fourier transform v(k) is a well behaved function of k and that v(0) is a finite quantity.
At equilibrium at inverse temperature β and chemical potential µ (grand canonical (GC) ensemble) the pressure p of the fluid is a convex function of ν = βµ (at fixed β) 48,49 even before the thermodynamic limit has been taken 48, 49 . As a consequence βp(ν) is continuous, its derivatives with respect to ν exist and it admits a Legendre transform βf (ρ) with respect to ν defined as
The GC free energy βf (ρ) is then a convex function of the density and its Legendre transform with respect to ρ coincides with βp(ν).
It was shown in ref.
29 that in the case of an attractive interaction (i.e. w(
for all q) we have the inequality
Here the subscript mean field (MF) emphasises that f MF is the van der Waals free energy 44 .
Note that βf MF [ρ] is a priori non convex, notably in the two-phase region.
¿From here on we specialise to the Yukawa interaction w(r) = βq we seek a best upper bound for βf (β, ρ) by minimising the quantity
To this end we consider variations of X with respect to the charge distribution τ (r) defined by Eq. (A1) and work out the stationary condition (σ = σ/2) δX δτ (r) = 0 for r < σ .
First, it follows from equation (A5) that
Second, as a consequence of the convolution relations V τ = τ * y and W τ = τ * V τ = τ * y * τ one has δW τ (r ′ )
and thus
Finally, since W τ (0) = 4πα −2 τ 2 (0), we have
Collecting results (23), (25) and (26) one gets
Note that we can impose τ (0) = 1 since, if τ (r) is solution of the stationary condition (22) , then λτ (r), where λ = 0 is an arbitrary constant, is also a solution (Q τ is then multiplied
τ is left unchanged). Therefore Eq. (22) can be recast in the form
Of course, Eq. (28) is valid only for r < σ. The first contribution in the r.h.s of Eq. (28) is clearly identified with the potential created by a uniform density of Yukawa charges of density ρ while the second contribution stems from a charge discontinuity at r = σ. The solution is therefore of the form τ (r) = ρΘ(σ)+Kδ(r −σ), where K is a constant determined by the condition τ (0) = 1, yielding
(η = πρσ 3 /6 packing fraction). Furthermore, from Eq. (A5) it follows that
so that the potential V τ is seen to be the superposition of two potentials created by spherical surface and volume distributions, the expressions of which are given in appendix A by Eqs.
(A13) and (A15), respectively. One finds
One can check that V τ indeed verifies Eq. (28) . Finally, the optimised upper bound for the free energy can then be shown to be equal to
An optimised mean field (OMF) theory for the fluid can now be devised by considering the Landau function
At given β and ν, the density ρ is the one which minimises the Landau function L(β, ρ, ν).
In the limit α * → 0, ∆ OMF = −2πρ 2 β and one thus revovers the free energy of the Kac model for α = 0.
V. RESULTS
A comparison between the three theoretical approaches and simulation data for the liquid- The agreement is similar to that for the densities.
The variation with α of the critical temperature and density for SCOZA and HRT, including data of ref. 
APPENDIX A: SOME PROPERTIES OF YUKAWA CHARGE DISTRIBU-
TIONS
The electrostatics of Yukawa charge distributions is similar to, but not identical with the electrostatics of usual Coulomb charge distributions. In this appendix we extend previous results obtained for special forms of spherical distributions of Yukawa charges 37,54,55,56,57 to a general spherical distribution τ (r) which satisfies:
We denote by y(r) the Yukawa potential created by a unit point charge. We have y(r) = exp(−αr)/r and for its Fourier transform y(k) = 4π/(α 2 + k 2 ). The Yukawa potential 
V τ ≡ τ * y created by this distribution at point R is given by the convolution of τ and y
where dΩ r denotes the infinitesimal spherical angle about vector r. The integral I(R, r) reads 37, 54, 55, 56, 57 I(R, r) = sinh(αr) αr 
The potential V τ (R) for R < σ is not particularly useful but outside the sphere (i.e. for R > σ) one infers from equations (A2) and (A3) the remarkable result 
As in the case of the Coulomb potential, the potential outside the spherical distribution of charge y(r) is still a Yukawa potential with the same screening parameter α but with a different charge Q τ . Since sinh(x)/x > 0 the effective charge Q τ is larger than the bare charge τ (0) of the distribution. Of course in the limit α → 0 one has Q τ → 1 and Gauss law is recovered.
We now prove the theorem
For R > σ it is obvious; for R < σ we note that from the expression (A5) of Q τ and from equation (A2) it follows that
where Z(r) = e −αr sinh(αR) − sinh(αr)e −αR . Since Z(r) is a decreasing function of r and Z(R) = 0 we have Z(r) ≤ 0 from which inequality (A6) follows (note that τ (r) must be positive). For a sufficiently regular distribution τ (r), the potential V τ (R) is a bounded smooth function for R < σ, in particular V τ (R = 0) is finite in general (see examples at the end of the appendix).
Clearly the Fourier transform V τ (k) = 4π τ (k)/(α 2 + k 2 ) has not a definite sign in general although V τ (0) = 4π τ (0)α −2 > 0.
The interaction W τ (1, 2) of two identical spherical distributions of Yukawa charges centred at points R 1 and R 2 is now given by (with obvious notations) 
Note that the Fourier transform W τ (k) = τ 2 (k) y(k) ≥ 0 is positive definite contrary to
In addition, we have the theorem
The proof is trivial :
The function W τ (r) is in general bounded in the core and in particular W τ (0) is finite. This charge smearing process provides an easy way to regularise the Yukawa potential y(r) in the core which preserves the positivity of the interaction.
Finally, we give explicit expressions for Q τ , V τ for r < σ, and the value W τ (0) in simple cases relevant for Sect. IV C . Thus for a surface distribution τ σ (r) = 1 πσ 2 δ(r − σ) , 
